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Abstract

Most of real-life scheduling problems are dynamic, where we do not know all the time variables of
jobs in advance. In such uncertain environment, trustworthy scheduling effectively is a hot topic. In
this paper we model the constraints in the dynamic scheduling problems by using CSP model.
Moreover, we propose model the time constraint variables in logic way. Based on the constraint
models, a constraint solving algorithm Resol for solving the scheduling problems is designed. We
prove that this algorithm is sound for solving the scheduling problems. The experimental study proves
that the trustworthy of the schedule system can be promoted by applying the algorithm.
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1. Introduction

Constraints are powerful tools for modeling many real-world problems. Scheduling is one of the
strongest application areas of constraint programming [1]. The reason of such success can be found in a
similar character of both scheduling problems and Constraint Satisfaction Problems (CSPs) [2]. In the
constraint programming fiend, the constraint models of kinds of scheduling problems are based on
CSPs. But the traditional formulation of CSPs is static in sense that all the variables and the constraints
are known before we start to solve the problem. Nevertheless, many real-life scheduling problems do
not fit this static constraint model. In those dynamic scheduling problems, we do not know all the time
variables of jobs in advance (The new variables are introduced as the schedule progresses). The
trustworthy of schedule become more and more important.

Therefore we require a more trusted scheduling scheme for those dynamic scheduling problems.
Operations Research (OR) has a long tradition in studying scheduling problems and many successful
methods to deal with the dynamic problem were developed there. Recently, solving such dynamic
problems is a hot topic of research in CP, however, not a new one. [3] proposed a concept of Dynamic
Constraint Satisfaction motivated by problems in configuration. Since then the idea of using activity
constraints and dummy variables is used in various concepts. This approach is useful when the number
of dummy variables is not very large, i.e., when the number of alternatives is linear rather than
exponential. [4] analyzed the problems behind planning and scheduling in complex process
environments and proposed to enhance the traditional schedulers by planning capabilities to solve these
problems. [5] introduced the concept of monotonic constraint and designed a dynamic constraint
solving algorithm for solving the dynamic scheduling problems.

In this paper we attempted to promote the trustworthy of the dynamic scheduling problems by using
the constraint solving framework. In section 2, we first describe the dynamic scheduling problems and
the discrete variable constraint modeling in logic way. The details about the constraint solving
algorithm Resol are showed in Section 3 and we also give the proof about the sound of the algorithm in
this Section. In section 4, an experimental study of algorithm Resol is given. Finally, we draw a
conclusion on this new scheme.

2. Constraint modeling

2.1. CSP model
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A Constraint Satisfaction Problem P=(X,D,C) is defined as a set of variables X={x,...,x,}, a set of
domains D={D(x,),...,D(x,)}, where D(x;) is a finite set of possible values for variable xi, and a set of
constraints C={c,...,cm}- A constraint ci on the ordered set of variables X(¢;)= (Xi1,...,Xix) IS a subset
of the Cartesian product D(X;;) ... D(X), it specifies the allowed combinations of values for
the variables Xii,...,xi. [X(c;)| is called arity of the constraint c;.

Assume that (vs,...,vn)  (Xis,...,Xik) IS @ standard projection operator, i.e., a projection of the tuple
(vy,...,vy) to the variables (Xis,....Xi): (Vi,...,vn)  (Xig-.-»Xik) = (Vig,...,vik). We call a complete
instantiation (vi,...,v,) of the variables, such that i=1,...,n, v; D(x}) and j=1,...,m,
(Vi,....,va)  X(c)) cj, a valid tuple or solution, i.e., the valid tuple is a complete instantiation of the
variables satisfying all the constraints. Sol(P) is a set of all valid tuples, we call it a solution set of the
constraint satisfaction problem P.

Based on the CSP model, the general method of modeling dynamic constraints in it is to list all the
assignment combinations of variables directly. We propose describe the dynamic constraint by using
the formula of discrete-variable logic. In the framework of discrete-variable logic, the dynamic
scheduling problem can be solved in the method of multivalent resolution on finite sets.

In the dynamic scheduling problems, we do not know all the time variables of jobs in advance.
Consequently, we cannot post a constraint set C(X) (multivalent clauses) until we know all the
variables X. Nevertheless, if the constraint is monotonic® we can do better by posting a constraint over
the known variables and when a new variable (or a variable set Y) arrives we can post a new constraint
extended by the new variable and deactivate the old constraint.

2.2. Time discrete variable model

We name the time variables in dynamic scheduling multivalent variables, which have the finite and
discrete domains. An elementary extension of propositional logic can be developed for multivalent
variables. In propositional logic, the primitive unanalyzed terms are atomic formulas y;. The analysis
can be carried slightly deeper by supposing that atomic propositions are themselves predicates that say
something about discrete variables x,...,x,, Which can be regarded as the time variable in RCSP. For
instance, a predicate may have the values x; can assume. Special cases would be x;=v and Xj#v, where v
is a constant. A number of useful predicates can be defined in terms of more primitive notation, just as
equivalence = and implication > are defined in terms of v and — in propositional logic.

The resulting logic is still bivalent in that propositions have one of two truth values. The variables,
however, are multivalent.

Whereas a limited repertory of connectives appear to be useful in propositional logic, multivalued
variables multiply the possibilities. The all-different, element, distribute, and cumulative predicates
have proved especially useful. The idea of a logical clause is also readily generalized.

e Formulas and Semantics

The atomic propositions y; of propositional logic are replaced with predicates P(x) = P(Xy,..., Xp) in
discrete variable logic. Predicates can be combined with logical connectives in the same way as logical
propositions. one primitive predicate will be sufficient to define all others, namely P(x)=(x;eX;) for X
c Dj.

The semantics are slightly different than in propositional logic. In the latter, the meaning of a
molecular formula is given by the Boolean function it represents. In discrete logic, a formula’s
meaning is given by a truth function f(x) of the discrete variables x = (Xy,...x,), where each x;eD;. In
particular, each predicate is defined by the function f(x) it represents. For example, the function f(x) for
x;jeY; takes the value 1 if the value assigned x; belongs to X. Once the truth values of the predicates are
determined, the truth values of the formulas containing them are computed in the normal propositional
way.

e Multivalent Clauses

Multivalent clauses are a straightforward generalization of propositional clauses and are completely
expressive in an analogous sense.

A multivalent clause has the form
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j\:l(xj € Xj) 1)

where each X; < D;. If X is empty, the term (x;€X;) can be omitted from (2), but it is convenient to
suppose here that (2) contains a term for each j. If X; = D; for some j, then (2) is a tautology. Note that
the literals of a multivalent clause contain no negations. This brings no loss of generality, since
—(x;eX;) can be written xje D;j\X;.

Any truth function f(x) = f(x,,...,x,) can be expressed as a conjunction of multivalent clauses. This
is done simply by ruling out the values of y for which f(x) = 0. Thus, if f(x) = 0 for x = v*,..., v¥ then
f(x) is represented by the formula

k n

AAK #V) (2)

i1 j=1

which can be formally written as a multivalent clause:

k n .
AAK; €Dy D 3)

i=1 j=1

Because any constraint over finite domains represents such a function f(y), it is equivalent to a finite
set of multivalent clauses.

One multivalent clause v ; (X; € X;) implies another v; (X; € X,;) if and only if the one

absorbs the other; that is, X;; < X,;for each j. Equivalent multivalent clauses are identical. Prime

implications are defined precisely as for classical clauses.
Any formula of discrete logic can be converted to a conjunction of multivalent clauses by using De
Morgan’s laws, distribution, double negation, and the fact that —(x;€X;) means (xj Dj\X;).

3. Constraint solving algorithm Resol

Resolution is easily extended to the logic of discrete variables. Unit resolution also has an analog.
Resolution plays the same role in computing projections as it does in propositional logic. A unit
resolution algorithm Resol for multivalent clauses is very similar to classical unit resolution. When a
clause Cy becomes a unit clause x;e Xy, the domain of x; can contain only elements that occur in Xi.
The clause C; is deleted and the clauses containing x; adjusted accordingly.

To speed processing, the algorithm keeps track of which literals remain in each clause. Thus y;
contains the nonempty sets Xj;. It also maintains a list S; of the clauses that still contain x;; that is, the
clauses C; for which Xj; is nonempty. Whenever X,; in some clause C, becomes empty, X, is removed
from . If this makes Cy a unit clause, then every Xj; in the constraint set must be updated so that it lies
in Xy The list S; makes it possible to locate quickly the Xj’s that might be affected. The clause C is
deleted from the problem and removed from S;.

Soundness means that no solution is removed by solving. The following proof guarantees that the
algorithm we designed is soundness.

Proof:

1. D'(X)cD(X)

2.Resol(C(XuwY),D'(X) xD(Y)) monotony  of  Resol
< Resol(C(XWY),D(XUY)) +D'(X)xD(Y)< D(X)xD(Y)

= D(XUY)
3.Resol(C(X),D(X))= D'(X)
4.1%s e Resol (C(XUY),D(XUY))
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5.5¢X e Resol (C(X),D(X)) monotony of C
6.5¢X € D'(X) 3+5

7.5 € D'(X) xD(Y)

8.s € Resol (C(XLY), D'(X)xD(Y)) 4+7+feature of ReSol
9.Resol (C(XUY),D(XuY)) < Resol 4-8

(C(XWY),D'(X)xD(Y))

10.Resol(C(XuY),D'(X)xD(Y)) < Resol (C(XLY),
D'(X)xD(Y))

11.Resol(C(XwY),D(XUY)) < Resol(C(XUY), 9+10
D'(X) xD(Y))

A unit resolution algorithm Resol
Let S be a set {C; | iel} of multivalent clauses,

where each C; has the form V?=1(XJ € Xj)
Forall il and j=1,...,n let X;=X;;Dy;,
where D, is the current domain of x;.
Foriel:
Let y; be the collection of nonempty sets Xj.
If xi=9 then stop; S is unsatisfiable.
For j=1,...,n let §;={C; | Xjiexi}.
Let U be the set of pairs(Cy, ji) for which Cy is a unit clauses; that is ,

Xk:{ Kii
While U is nonempty:
Remove some pair (Cy, ji) from U.
S
Remove Cy from .
Forall C; e Sjk :
Let Xijk = Xijk A ijk .
If X;, =2 then:
k
Remove Xijk from y;.

If ;i = then stop; S is unsatisfiable.
If |yi|=1 then add C; to U.

4. An experimental study of algorithm Resol

Shop-loading scheduling is one kind of discrete resource-constrained scheduling problems, in which
tasks require a discrete resource of capacity strictly greater than 1. In this context, two tasks which
require the same resource may overlap in time, but the total capacity required at time t must not exceed
the capacity available at time t. The problem is solved by assigning precise start an end times to each
task in the schedule. The propagation of resource constraints is exploited to prune the search tree and to
guarantee that the available capacity is never exceeded.

In the general/off-line shop-loading problem, the number of the tasks, the duration of tasks and the
required amounts of resource capacity are fixed once and for all. The capacity of the resource (h) is
also fixed. The goal is to minimize the makespan. Formally: task set T={ Ty, T,,...,T, } , duration set
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Dur={Dur,, Dur,,...,Dur, } , required amounts of resource capacity set T(R)={T1(R), T2(R),...,To(R)}.
A shop-loading scheduling problem can be encoded efficiently as a CSP:

— The time variable set X={sty,st,,...,st,}, time variable st; is associated with each task T;; it represent
the start time of T;.

n
— The domain D; of st; is initialized with [0, Z Duri 1.
i=1
— The constraint Set C:
Temporal precedence constraint: Successors(T;) =T; means that Stj > st, + Dur, ;Resource

cumulative constraint: Cumulative((sty,...,st)), (Dury,...,.Dury), (T1(R),...,To(R)), h). The constraint

n
enforces the condition ZTi (R)<h,alt(st; <t <st. + Dur,).
i=1
Consider the problem, which consists of 13 tasks (n=13) subject to precedence constraints, as
indicated in the tablel. The capacity of the resource R is 8 (h=8).

Tablel. Example of Ship-loading
T To | To| T | Tg|[Ts | Te | T7 | Tg | To| Tao | Tyg | Tio | Tug
Successors T2T4 T3 T5T7 T5 T6 T8 TB T9 T10 T11T12 - T13 -
Dur; 3 4 4 6 5 2 3 4 3 2 3 2 1
R(T) 4 [ 4] 3 a5 ]5]a[3]4 8 4 | 5] 4

Considering this example in dynamic case, we assume a new task is introduced at time t=20. We
name the new task Ty4 (Duryy=3, T14(R)=1). The adding time variable set Y={st;;}. Extension

constraints:  Successors(Tg)= T, i, V;, =Vg+Dur, and Cumulative(XUY, DuruDury,

T(R)UTw,(R), h). The schedule results by using the constraint solving algorithm Resol(Cumulative(X,
Dur, T(R), h), Y) are displayed in the figurel.

5
3 8

o 1o 2o

Figure 1. Schedule Results in Dynamic Case

5. Conclusions

This paper presents the dynamisation of scheduling problems in the trustworthy system. We model
the multivalent time variables in logic way and design a constraint solving algorithm, which adapts to
arbitrary monotonic constraint appears in the scheduling problem. In the highly dynamic problems, our
approach is even more beneficial. The soundness of the algorithm is proofed. This theoretical result
provides the guaranty for designing trustworthy schedule system. To design a real-life schedule system
by using this constraint solving scheme is our next research work.
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